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GENERALIZED CALABI CORRESPONDENCE AND
COMPLETE SPACELIKE SURFACES
HOJOO LEE AND JOSE´ M. MANZANO
Abstract. We construct a twin correspondence between graphs with prescribed
mean curvature in three-dimensional Riemannian Killing submersions and space-
like graphswithprescribedmean curvature in three-dimensionalLorentzianKilling
submersions. Our duality extends the Calabi correspondence between minimal
graphs in the Euclidean space R3 and maximal graphs in the Lorentz–Minkowski
spacetime L3 , by allowing arbitrary prescribed mean curvature and bundle curva-
ture. For instance, we transform the prescribedmean curvature equation inL3 into
the minimal surface equation in the generalized Heisenberg space with prescribed
bundle curvature. We present several applications of the twin correspondence to
the study of the moduli space of complete spacelike surfaces in certain Lorentzian
spacetimes.
1. Introduction
Maximal submanifolds in Lorentzianmanifolds are spacelike submanifolds with
vanishing mean curvature, and arise naturally as critical points of the area func-
tional within the class of spacelike submanifolds. They have played a significant
role in geometric analysis, as shown, for instance, by Schoen and Yau’s proof of the
Positive Mass Theorem, or by the analysis of solutions of the Einstein–Yang–Mills
equation. Existence, uniqueness, and regularity of maximal (and, more generally,
constant mean curvature) submanifolds in different spacetimes have become im-
portant problems in bothmathematical relativity anddifferential geometry [4]. The
main goal of this paper is to prove that there is a large family of Lorentzian Killing
three-manifolds with timelike unit Killing vector fields not admitting complete
spacelike surfaces.
In 1970, Calabi [7] proved the remarkable result that the only entire maximal
graphs defined over the whole xy-plane in the Lorentz–Minkowski space L3 =
(R3,dx2 + dy2 − dz2) are the spacelike affine planes. This implies that spacelike
planes are the only complete maximal surfaces in L3, which can be considered the
Lorentzian counterpart of Bernstein’s beautiful result that the only entire minimal
graphs in the Euclidean space E3 = (R3,dx2 + dy2 + dz2) are the affine planes,
though E3 admits many other complete non-planar minimal surfaces.
Cheng and Yau [9] extended Calabi’s result to higher dimensions by proving that
the only complete maximal hypersurfaces in Lorentz–Minkowski space Ln+1 with
2010 MSC: Primary 49Q05, 53A10; Secondary 53C50, 35B08.
1
2 HOJOO LEE AND JOSE´ M. MANZANO
n + 1 ≥ 3 are the spacelike hyperplanes. Nonetheless, Bombieri, De Giorgi and
Giusti [5] disproved the Riemannian analogue by showing the existence of entire
non-planar minimal hypersurfaces in the Euclidean space En+1 with n + 1 ≥ 9.
During the last few decades, a considerable attention has been paid to constant
mean curvature surfaces in more general Lorentzian spaces admitting Killing or
conformally Killing timelike directions:
• Ferna´ndez andMira constructed a large family of complete entire maximal
surfaces in the static Robertson-Walker spacetime H2 × R endowed with
the usual Lorentzian product metric [15, Theorem 3.1] (notice that entire
graphs are not necessarily complete, see [1, Examples 3.1 and 3.3]). On the
contrary, Albujer andAlı´as [2, Theorem 3.3] proved that, given an arbitrary
Riemannian surfaceMwithGaussian curvatureKM ≥ 0, completemaximal
surfaces in M × R (endowed with the usual Lorentzian product metric)
are totally geodesic. Furthermore, they show that if KM does not vanish
identically, then Σ must be a (spacelike) horizontal slice M × {t0} for some
t0 ∈ R.
• Generalized Robertson-Walker (GWR) spacetimes also represent ambient
spaces of increasing interest [28, 30]. Given a smooth function φ : R →
(0,+∞) and a Riemannian manifold M, the GRW spacetime M×φR is de-
fined asM×R equippedwith theLorentzianwarpedmetricφ(z)2〈·, ·〉M−dz2.
These are conformally stationary spacetimes, i.e., they are time-orientable
spacetimes admitting a timelike conformal vector field φ(z) ∂z. For in-
stance, see Montiel’s observation [28, Section 3]. Several existence re-
sults of spacelike immersions in conformally stationary spacetimes are
also known [18, 20].
Calabi’s original proof [7] of his Bernstein type result relies on an interesting
duality between minimal graphs in E3 and maximal graphs in L3. This twin
correspondence extends to a correspondence between graphs of constant mean
curvature H in the Riemannian Bianchi–Cartan–Vranceanu (BCV) space E3(κ, τ)
and spacelike graphs of constant mean curvature τ in the Lorentzian BCV space
L3(κ,H), see [25] andCorollary 3.8 below, aswell as the explicit definition ofE(κ, τ)
and L(κ,H) in Remark 2.2 below. The importance of these 2-parameter families in
the literature comes from the fact that they model all homogeneous 3-manifolds
with isometry group of dimension 4, which are the most symmetric 3-manifolds
after the space-forms. In the particular case τ = H = 0, the duality reduces to the
Albujer–Alı´as duality [2]. It is worth mentioning that there are also extensions to
higher codimension, see [25].
Since the twin correspondence in BCV spaces sends entire graphs to entire graphs,
it becomes a natural and useful tool for studying Bernstein–Calabi type problems.
For instance, entire spacelike graphs of constant mean curvature 12 in L
3 = L3(0, 0)
correspond to entire minimal graphs in the Heisenberg space Nil3 = E3(0, 12 ). As
the moduli space of entire spacelike graphs of constant mean curvature 12 in L
3
is large (Treibergs [32, Theorem 2] showed that the asymptotic behaviour of such
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graphs can be an arbitrary C2-perturbation of the light cone in L3), it follows that
there exist many entire minimal graphs in Nil3. A description of the moduli space
of entire minimal graphs in Nil3 was determined by Ferna´ndez and Mira [15] in
terms of holomorphic quadratic differentials.
In this paper, we generalize the Calabi correspondence to the case of three-
manifolds admitting a unit Killing vector field, and, more specifically, to the case
of unit Killing submersions over a non-compact simply connected Riemannian
surfaceM. A submersion π : E→M from an orientable Lorentzian or Riemannian
three-manifold E is said Killing if it preserves the length of horizontal vectors
and its fibers are the integral curves of a unit Killing vector field ξ in E [13, 26].
The metric in E is Riemannian in the two-dimensional horizontal distribution
orthogonal to ξ, but ξ is a timelike vector field if E is assumed Lorentzian.
There is a unique function τ ∈ C∞(M) satisfying
(1.1) ∇Xξ = τX × ξ, for all vector fields X in E,
where ∇ is the Levi-Civita connection in E, and it is called the bundle curvature of
π (existence essentially follows from the fact that the curvature 2-form α(X,Y) =
〈∇Xξ,Y〉 is skew-symmetric since ξ is Killing). The bundle curvature accounts for
the non-integrability of the horizontal distribution, in the sense that τ ≡ 0 if and
only if the horizontal distribution is integrable, see [13, 27]. The cross product
in (1.1) is defined as 〈Y,X × ξ〉E = det(Y,X, ξ) for all vector fields X,Y in E, where
the determinant is computed with respect to the volume form determined by the
orientation and metric in E. It is important to note that (the sign of) the bundle
curvature depends on the choice of the orientation of the total space.
Given a non-compact simply connected Riemannian surface M and τ ∈ C∞(M),
there exists a unique Riemannian (resp. Lorentzian) Killing submersion over M
with bundle curvature τ whose fibers have infinite length. The Riemannian case
follows from [27] and the Lorentzian case is analogous. The total space of such a
Killing submersion will be denoted by E3(M, τ) (resp. L3(M, τ)). IfM is the simply
connected surfacewith constant curvatureκ ∈ R and the bundle curvature τ is also
constant, then E3(M, τ) = E3(κ, τ) andL3(M, τ) = L3(κ, τ), so these three-manifolds
can be interpreted as generalized Bianchi–Cartan–Vranceanu spaces.
Explicit expressions for the metrics of E3(M, τ) and L3(M, τ) will be given in
Section 2 in terms of τ and a conformal parametrization ofM. Section 3 is devoted
to establishing our Calabi type twin correspondence, which is involutive up to
translations along the fibers, and preserves the conformal type (see Theorem 3.5
below). This correspondence applies to simply connected graphs (i.e., sections
of the submersion) and swaps the mean and bundle curvatures: it relates graphs
withprescribedmean curvatureH inE3(M, τ) and spacelike graphswithprescribed
mean curvature τ in L3(M,H). Notice that the base surface does not change in the
correspondence. Its proof is based on Poincare´ Lemma and the fact that both τ and
H admit divergence-form expressions (see Lemma 3.3 below).
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When the curvature of the base curvature, bundle curvature, and mean curva-
ture are all constant, we recover the twin correspondence in the classical BCV
spaces [23, Theorem 2]. It is worth mentioning that Killing submersions do not
admit warped-product structures in general, so our correspondence is not related
to the correspondence constructed by Ga´lvez, Jime´nez and Mira [17] for isometric
immersions in warped products.
In Section 4, we will employ our duality to investigate complete spacelike sur-
faces in Lorentzian Killing submersions. Although completeness of entire space-
like graphs in Lorentzian manifolds is not guaranteed in general [1], we establish
that complete spacelike surfaces in L3(M, τ) must be entire graphs. In particular,
the study of complete spacelike surfaces in L3(M, τ) reduces to that of the en-
tire spacelike solutions of the corresponding prescribed mean curvature equation,
where classical PDE techniques can be applied. We remark that complete space-
like surfaces in L3(M, τ) are in correspondence with spacelike foliations via the
one-parameter group of isometries associated with the vertical Killing vector field.
We prove that there is a large family of Lorentzian Killing submersions not
admitting complete spacelike surfaces. This is achieved by means of a sharp
bound on the mean curvature function of an entire graph in the Riemannian
case. More explicitly, we prove that if the bundle curvature τ of L3(M, τ) satisfies
infM |τ| > 12Ch(M), where Ch(M) denotes the Cheeger constant of the non-compact
simply connected base M (see Definition 4.15 below), then L3(M, τ) admits no
complete spacelike surfaces. By using a comparison result for Cheeger constants,
we get that, if the infimum of the Gaussian curvature of M is a real number c ≤ 0,
and infM |τ| > 12
√−c, then L3(M, τ) does not admit complete spacelike surfaces,
either. It is important to remark that there is no assumption on the mean curvature
of the complete spacelike surface.
As a particular case, wededuce that there donot exist complete spacelike surfaces
in L3 (κ, τ) with κ ≤ 0 and |τ| > 12
√−κ. Moreover, we show that the lower bound
1
2
√−κ is sharp, for the moduli space of complete maximal surfaces in the anti–de
Sitter spacetime L3(κ, 12
√−κ) is large. In fact, we prove that a maximal surface in
the anti–de Sitter spacetime L3(κ, 12
√−κ) is complete if and only if it is an entire
spacelike graph defined over thewhole hyperbolic baseH2(κ). This is an extension
of Cheng and Yau’s result [9] that entire constant mean curvature spacelike graphs
in L3 = L3(0, 0) are complete.
To conclude, we interpret our non-existence result in the relativistic sense of
causality by proving that L3(M, τ) is not a distinguishing spacetime provided that
infM |τ| > 12Ch(M).
2. Preliminaries on Killing submersions
We will begin by defining models for the Killing submersions in terms of the
bundle curvature. Given a non-compact and simply connected surfaceM, we can
conformally parametrize M = (Ω, δ−2(x, y)(dx2 + dy2)), where Ω ⊂ R2 is a disk or
thewhole plane, and δ ∈ C∞(Ω) is some positive function. Since the definitions and
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results belowmake sense in the more general caseΩ is star-shapedwith respect to
the origin, we will assume this condition in the sequel.
Definition 2.1 (Calabi potential). Given τ ∈ C2(Ω), we will call Calabi potential the
function Cδ,τ ∈ C2(Ω) defined by
(2.1) Cδ,τ(x, y) = 2
∫ 1
0
t
τ(tx, ty)
δ(tx, ty)2
dt,
This definition is inspired by the explicit metrics given in [27] in the Riemannian
setting, which easily extend to the Lorentzian case. By taking derivatives under
the integral sign, it is easy to check that Cδ,τ fulfils the divergence-form equation
(2.2)
2τ
δ2
=
∂
∂x
(
xCδ,τ
)
+
∂
∂y
(
yCδ,τ
)
,
which plays a fundamental role in the proof of the Calabi type correspondence.
We define E3(M, τ) and L3(M, τ) as the three-dimensional product space Ω × R
endowed with the metric
(2.3)
1
δ(x, y)2
(dx2 + dy2) + ǫ
(
dz + ǫCδ,τ(x, y)
(
ydx − xdy) )2 .
with ǫ = 1 in the case of E3(M, τ) and ǫ = −1 in the case of L3(M, τ).
The natural projection π : Ω × R → Ω given by π(x, y, z) = (x, y) is the only
Killing submersion with bundle curvature τ over M when the above metrics in
Ω × R are considered. The Killing vector field ξ is spacelike if and only if ǫ = 1.
The proof in the Riemannian case follows from [27], and can be easily extended
to the Lorentzian setting. Hence the Calabi potential can be thought as a way of
recovering the metric of the total space in terms of its bundle curvature.
Remark 2.2 (Killing submersions as extensions of product and BCV spaces). If
the bundle curvature function τ vanishes identically, then Cδ,0 ≡ 0. We get the
spaces E3(M, 0) = M × R with the Riemannian product metric 〈·, ·〉M + dz2, and
L3(M, 0) =M×Rwith the Lorentzianproductmetric 〈·, ·〉M−dz2. Amore geometric
interpretation of the bundle curvature τ can be found in [27, Proposition 3.3].
On the other hand, classical BCV spaces have constant base curvature and con-
stant bundle curvature. Given κ ∈ R, let δ(x, y) = 1 + κ4 (x2 + y2), which is positive
in Ω = R2 for κ ≥ 0 or Ω = {(x, y) ∈ R2 : x2 + y2 < −4κ } for κ < 0. Then the metric
g = δ(x, y)−2(dx2 + dy2) on Ω has constant curvature κ, andM = (Ω, g) is isometric
to E2 (for κ = 0),H2(κ) (for κ < 0), or S2(κ) minus a point (for κ > 0). When τ(x, y)
is constant, the associated Calabi potential is nothing but Cδ,τ(x, y) = τ δ(x, y)−1,
so we get the classical BCV spaces E3(κ, τ) and L3(κ, τ), see [11]. We will use the
classical notation E3(κ, τ) = E3(M2(κ), τ) and L3(κ, τ) = L3(M2(κ), τ), whereM2(κ)
denotes the aforesaid surface with constant curvature κ.
Given ǫ ∈ {−1, 1}, a global orthonormal frame {E1,E2,E3} inΩ×R endowed with
the metric (2.2) is given by
(2.4) E1 = δ
(
∂x − ǫ yCδ,τ∂z) , E2 = δ (∂y + ǫ xCδ,τ∂z) , E3 = ∂z.
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This framewill be assumed positively orientedwithout loss of generality. We recall
that an orientation of the total space is needed to define the bundle curvature.
3. Twin correspondences
Wewill nowderive formulas for themean curvature of a vertical graph inE3(M, τ)
and L3(M, τ). Using the notation of the previous section, the graph of a function
u ∈ C2(Ω′), whereΩ′ ⊆ Ω is an open subset, is the surface{
(x, y, z) ∈ Ω′ ×R : z = u(x, y)} .
In other words, we consider graphs over the global zero-section z = 0. The graph
is said to be entire when Ω′ = Ω. In the Lorentzian case, the graph is said to be
spacelike if the induced metric from the ambient manifold is Riemannian.
The following lemma can be easily deduced.
Lemma 3.3 (Mean curvature of a graph). Let u ∈ C2(Ω′) denote the height function
of a graph defined on some open subset Ω′ ⊆ Ω.
(1) The mean curvature H of the graph of u in E3(M, τ) satisfies
(3.1) 2H = δ2
(
∂
∂x
(
α
ω
)
+
∂
∂y
(
β
ω
))
= divM

G√
1 + ‖G‖2M
 ,
where α = ux+ yCδ,τ, β = uy− xCδ,τ, ω =
√
1 + δ2(α2 + β2), and the vector field
G on Ω′ ⊂M is given by G = δ2(α∂x + β∂y).
(2) If the graph of u is spacelike in L3(M, τ˜), then its mean curvature H˜ satisfies
(3.2) 2H˜ = δ2
 ∂∂x
(
α˜
ω˜
)
+
∂
∂y
 β˜ω˜

 = divM

G˜√
1 − ‖G˜‖2M
 ,
where α˜ = ux − yCδ,˜τ, β˜ = uy + xCδ,˜τ, ω˜ =
√
1 − δ2(α˜2 + β˜2), and the vector
field G˜ on Ω′ ⊂ M is given by G˜ = δ2(α˜∂x + β˜∂y). The graph of u is spacelike in
L3(M, τ˜) if and only if
1 − ‖G˜‖2M = 1 − δ2(α˜2 + β˜2) > 0.
Example 3.4 (Helicoids in spaces with rotational symmetry). A vertical transla-
tion in a Killing submersion is an element of the 1-parameter group of isometries
associated with the unit Killing vector field. Unless there is an isometry of the
base surface that leaves the bundle curvature invariant or changes its sign, vertical
translations are the only isometries in the total space of the Killing submersion,
see [27].
If assume that both the conformal factor and the bundle curvature are radial
with respect to the origin (i.e., δ(x, y) and τ(x, y) are functions of x2 + y2), then the
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induced Calabi potential Cδ,τ is also radial. Given µ1, µ2 ∈ R, let us consider (with
respect to the metric given by (2.3)) the helicoid
Hµ1,µ2 = {(ρ cos(θ), ρ sin(θ), µ1θ + µ2) : ρ, θ ∈ R}
Each level curve Hµ1,µ2 ∩ {z = z0} is an ambient geodesic, and symmetries about
these geodesics are ambient isometries. This implies that Hµ1,µ2 is a ruled surface
with zero mean curvature provided that δ and τ are radially symmetric. Note
thatHµ1,µ2 is a horizontal plane for µ1 = 0 and converges to a vertical plane when
µ1 →∞. Except at the axis x = y = 0,Hµ1,µ2 can be expressed locally as the graph
z = µ1 arctan
( y
x
)
+ µ2.
It is worth mentioning that the only ruled minimal surfaces in the Heisenberg
space Nil3 = E3(0, 12 ) are (subsets of) planes, helicoids, and hyperbolic paraboloids
up to ambient isometries [21, Theorem 2.3]. It would be interesting to extend this
characterization to Killing submersions with rotational symmetry.
We now state our Calabi type correspondence between graphs with prescribed
mean curvature H in the Riemannian space E3(M, τ) and spacelike graphs with
prescribed mean curvature τ in the Lorentzian space E3(M,H).
Theorem 3.5 (Twin correspondence). Let M be an open domain Ω ⊆ R2, star-shaped
with respect to the origin, endowed with the metric δ−2(dx2 + dy2) for some positive
δ ∈ C∞(Ω). Given τ,H ∈ C2(Ω) and a simply connected open domainΩ′ ⊆ Ω, then:
(a) If the graph of a function f ∈ C2(Ω′) in E3(M, τ) has mean curvature H, then
there exists g ∈ C2(Ω′) such that the graph of g is spacelike in L3(M,H) and has
mean curvature τ.
(b) If the graph of a function g ∈ C2(Ω′) in L3(M,H) is spacelike and has mean
curvature τ, then there exists f ∈ C2(Ω′) such that the graph of f in E3(M, τ) has
mean curvature H.
The height functions of graphs in (a) and (b) can be chosen to satisfy the twin relations:
(3.3)
(
α˜, β˜
)
=
(
− β
ω
,
α
ω
)
, or equivalently,
(
α, β
)
=
 β˜ω˜ ,− α˜ω˜
 ,
where (
α, β
)
=
(
fx + yCδ,τ, fy − xCδ,τ
)
, ω =
√
1 + δ2
(
α2 + β2
)
,(
α˜, β˜
)
=
(
gx − yCδ,H, gy + xCδ,H
)
, ω˜ =
√
1 − δ2
(
α˜2 + β˜2
)
.
If we parametrize the graphs as F(x, y) = (x, y, f (x, y)) and G(x, y) = (x, y, g(x, y)),
(x, y) ∈ Ω′, then themap F(x, y) 7→ G(x, y) is a conformal diffeomorphism. More explicitly,
if IF and I˜G denote the inducedmetrics on the graphs z = f (x, y) inE3(M, τ) and z = g(x, y)
in L3(M,H), respectively, then
(3.4) I˜G =
1
ω2
IF, or equivalently, IF =
1
ω˜2
I˜G, or symmetrically,
1
ω
IF =
1
ω˜
I˜G.
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In the above conditions, the graph of f in E3(M, τ) and the graph of g in L3(M,H)
are called twin surfaces.
Proof. We will begin by proving (a). The proof of (b) will be analogous. Lemma
3.3 shows that the mean curvatureH of the graph of f overΩ′ in E3(M, τ) satisfies
the divergence-form equation
(3.5)
2H
δ2
=
∂
∂x
(
α
ω
)
+
∂
∂y
(
β
ω
)
,
where (α, β) = ( fx + yCδ,τ, fy − xCδ,τ) and ω =
√
1 + δ2
(
α2 + β2
)
. Equation (2.2) tells
us that the Calabi potential Cδ,τ(x, y) satisfies the divergence-form equation
(3.6)
2τ
δ2
=
∂
∂x
(
xCδ,τ
)
+
∂
∂y
(
yCδ,τ
)
.
Likewise, the Calabi potential Cδ,H(x, y) satisfies
(3.7)
2H
δ2
=
∂
∂x
(
xCδ,H
)
+
∂
∂y
(
yCδ,H
)
.
Using (3.7), the equation (3.5) can be rewritten as the zero-divergence equation
0 =
∂
∂x
(
α
ω
− xCδ,H
)
+
∂
∂y
(
β
ω
− yCδ,H
)
.
Since the domain Ω′ is simply connected, Poincare´ Lemma yields the existence of
g ∈ C2(Ω′) such that (
gx, gy
)
=
(
− β
ω
+ yCδ,H,
α
ω
− xCδ,H
)
.
Setting (α˜, β˜) = (gx − yCδ,H, gy + xCδ,H), we obtain the spacelike condition
1 − δ2
(
α˜2 + β˜2
)
=
1
ω2
> 0,
so it makes sense to introduce ω˜ =
√
1 − δ2
(
α˜2 + β˜2
)
, from which the twin rela-
tions (3.3) easily follow. Finally, we employ the twin relations, the integrability
condition ∂∂x ( fy) =
∂
∂y ( fx), and (3.6) to deduce
∂
∂x
(
α˜
ω˜
)
+
∂
∂y
 β˜ω˜
 = ∂∂x (−β) + ∂∂y (α)
=
∂
∂x
(
− fy + xCδ,τ
)
+
∂
∂y
(
fx + yCδ,τ
)
=
∂
∂x
(
xCδ,τ
)
+
∂
∂y
(
yCδ,τ
)
=
2τ
δ2
.
Hence the spacelike graph z = g(x, y) over the same domain Ω′ in L3(M, τ) has
mean curvature τ.
Wewill now dealwith the last paragraph in the statement. Let ζ = ξ+ iη be a local
complex conformal coordinate on the graph z = f (x, y) and consider the coordinate
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transformation φ : (x, y)→ (ξ, η) to obtain the local isothermal parametrization of
the graph z = f (x, y) in E3(M, τ) given by
F̂ = F ◦ φ−1 : (ξ, η) 7→ (x, y) 7→ (x, y, f (x, y)).
Here, φ−1 denotes the local inverse coordinate transformation
(
ξ, η
) 7→ (x, y) =(
p
(
ξ, η
)
, q
(
ξ, η
))
, so our goal is to prove that
Ĝ = G ◦ φ−1 : (ξ, η) 7→ (x, y) 7→ (x, y, g(x, y))
is an isothermal parametrization of the twin graph z = g(x, y) in L3(M,H) and
that the resulting conformal factor is 1ω2 . Taking the complexified operator
∂
∂ζ =
1
2
(
∂
∂ξ − i ∂∂η
)
and considering the C-linear extensions of the metrics in E3(M, τ) and
L
3(M,H), the proof will be finished once there have been proved
〈
∂Ĝ
∂ζ
,
∂Ĝ
∂ζ
〉
L3(M,H)
= 0 and
〈
∂Ĝ
∂ζ
,
∂Ĝ
∂ζ
〉
L3(M,H)
=
1
ω2
〈
∂F̂
∂ζ
,
∂F̂
∂ζ
〉
E3(M,τ)
.
With respect to the global orthonormal frames {E1,E2,E3} inE3(M, τ) and {L1, L2, L3}
in L3(M,H), given by (2.4) for ǫ = 1 and ǫ = −1, respectively,
(3.8)
∂F̂
∂ζ
=
∂p
∂ζ
∂F
∂x
+
∂p
∂ζ
∂F
∂y
=
1
δ
∂p
∂ζ
E1 +
1
δ
∂q
∂ζ
E2 +
(
α
∂p
∂ζ
+ β
∂q
∂ζ
)
E3,
∂Ĝ
∂ζ
=
∂p
∂ζ
∂G
∂x
+
∂p
∂ζ
∂G
∂y
=
1
δ
∂p
∂ζ
L1 +
1
δ
∂q
∂ζ
L2 +
(
α˜
∂p
∂ζ
+ β˜
∂q
∂ζ
)
L3.
Using the twin relation (α˜, β˜) = (− βω , αω ), it is easy to deduce following two equalities
that will be useful in future computations:
1 − α˜2δ2
δ2
=
1
ω2
(
1
δ2
+ α2
)
,
1 − β˜2δ2
δ2
=
1
ω2
(
1
δ2
+ β2
)
.
Finally, by using (3.8), we get〈
∂Ĝ
∂ζ
,
∂Ĝ
∂ζ
〉
L3(M,H)
=
(
1
δ
∂p
∂ζ
)2
+
(
1
δ
∂q
∂ζ
)2
−
(
α˜
∂p
∂ζ
+ β˜
∂q
∂ζ
)2
=
(
1 − α˜2δ2
δ2
) (
∂p
∂ζ
)2
+
1 − β˜2δ2δ2

(
∂q
∂ζ
)2
− 2α˜β˜ ∂p
∂ζ
∂q
∂ζ
=
(
1 + α2δ2
ω2δ2
) (
∂p
∂ζ
)2
+
(
1 + β2δ2
ω2δ2
) (
∂q
∂ζ
)2
− 2
(
−αβ
ω2
)
∂p
∂ζ
∂q
∂ζ
=
1
ω2

(
1
δ
∂p
∂ζ
)2
+
(
1
δ
∂q
∂ζ
)2
+
(
α
∂p
∂ζ
+ β
∂q
∂ζ
)2 
=
1
ω2
〈
∂F̂
∂ζ
,
∂F̂
∂ζ
〉
E3(M,τ)
= 0,
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where, in the last line we used that ζ is conformal in z = f (x, y), and〈
∂Ĝ
∂ζ
,
∂Ĝ
∂ζ
〉
L3(M,H)
=
∣∣∣∣∣1δ ∂p∂ζ
∣∣∣∣∣2 +
∣∣∣∣∣1δ ∂q∂ζ
∣∣∣∣∣2 −
(
α˜
∂p
∂ζ
+ β˜
∂q
∂ζ
) α˜∂p∂ζ + β˜ ∂q∂ζ

=
(
1 − α˜2δ2
δ2
) ∣∣∣∣∣∂p∂ζ
∣∣∣∣∣2 +
1 − β˜2δ2δ2

∣∣∣∣∣∂q∂ζ
∣∣∣∣∣2 − α˜β˜
∂p∂ζ ∂q∂ζ + ∂p∂ζ ∂q∂ζ

=
(
1 + α2δ2
ω2δ2
) ∣∣∣∣∣∂p∂ζ
∣∣∣∣∣2 +
(
1 + β2δ2
ω2δ2
) ∣∣∣∣∣∂q∂ζ
∣∣∣∣∣2 − 2
(
−αβ
ω2
) ∂p∂ζ ∂q∂ζ + ∂p∂ζ ∂q∂ζ

=
1
ω2

∣∣∣∣∣1δ ∂p∂ζ
∣∣∣∣∣2 +
∣∣∣∣∣1δ ∂q∂ζ
∣∣∣∣∣2 +
(
α
∂p
∂ζ
+ β
∂q
∂ζ
) α∂p∂ζ + β∂q∂ζ


=
1
ω2
〈
∂F̂
∂ζ
,
∂F̂
∂ζ
〉
E3(M,τ)
. 
Remark 3.6 (Angle functions). The functions ω and ω˜ in the twin correspondence
have an interesting geometric interpretation. Note that the upward-pointing unit
normal vector fields N f of the graph z = f (x, y) in E3(M, τ), and Ng of the graph
z = g(x, y) in L3(M,H) have the forms
N f = −αδ
ω
E1 −
βδ
ω
E2 +
1
ω
E3, Ng = − α˜δ
ω˜
L1 −
β˜δ
ω˜
L2 +
1
ω˜
L3.
The so-called angle functions u = 〈N f ,E3〉E3(M,τ) and u˜ = 〈Ng, L3〉L3(M,τ) are nothing
but u = 1ω and u˜ =
1
ω˜
. In particular, twin surfaces have reciprocal angle functions.
Corollary 3.7 (Prescribed mean curvature as zero mean curvature). Let H : R2 →
R be a smooth function, and let Ω ⊂ R2 be open and simply connected.
(a) There exists a twin correspondence between graphs over Ω with prescribed mean
curvature H in Euclidean spaceR3 and maximal graphs overΩ in the generalized
Heisenberg spacetimeNil31(H) = L
3(E2,H).
(b) There exists a twin correspondence between spacelike graphs overΩwith prescribed
mean curvature H in Lorentz–Minkowski space L3 and minimal graphs defined
over Ω in the generalized Heisenberg spaceNil3(H) = E3(E2,H).
Corollary 3.8 (Twin correspondence in the BCV spaces, [23, Theorem 2]). Given
constants κ, τ,H ∈ R, there exists a twin correspondence between graphs with mean
curvature H in the Riemannian BCV space E3(κ, τ) and spacelike graphs with mean
curvature τ in the BCV spacetime L3(κ,H).
Example 3.9 (Twin surfaces of helicoidal surfaces with constant mean curvature
τ in L3 are catenoids in Nil3(τ)). Let λ ≥ 0 and consider the spacelike helicoidal
surface with constant mean curvature τ in L3 = L3(0, 0),
z = g(x, y) = λ arctan
( y
x
)
+ τ h
(√
x2 + y2
)
,
where the function h : (λ,∞)→ R satisfies the ODE
h′(t) =
√
t2 − λ2
τ2t2 + 1
.
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Its twin surface in Nil3 (τ) = E3(0, τ) is the half catenoid z = f (x, y) defined over
the domain
√
x2 + y2 > λ. It is a rotationally invariant minimal surface of the form
z = f (x, y) = λρ
(√
x2 + y2
)
,
where the one-variable function ρ : (λ,∞)→ R satisfies the ODE
ρ′(t) =
√
τ2t2 + 1
t2 − λ2 .
4. Complete spacelike surfaces
Entire graphs in E(M, τ) are complete when the base surfaceM is complete. This
assertion fails to be true in the Lorentzian case in general, as shown by the examples
constructed by Albujer [1] in the Robertson-Walker spacetimeH2(−1) ×R. We will
begin by proving that complete spacelike surfaces in L3(M, τ) are entire graphs.
Throughout this section, we will deal with a non-compact simply connected
surface M, conformally parametrized as M = (Ω, g = δ−2(dx2 + dy2)), where δ ∈
C∞(Ω) is positive, and Ω ⊆ R2 is open and star-shaped with respect to the origin.
Lemma 4.10 (Covering map lemma, [22, Ch. VIII, Lemma 8.1]). Let φ be a map
from a connected complete Riemmanian manifold R1 onto another connected Riemmanian
manifold R2 of the same dimension. If the map φ is distance non-decreasing, then φ is a
covering map, and R2 is also complete.
Lemma 4.11 (Complete spacelike surfaces in L3(M, τ) are entire graphs). If there
exists a complete spacelike surface Σ in L3(M, τ), then Σ is an entire graph and M is also
complete.
Proof. The same ideas as in [2, Lemma 3.1] and [3, Proposition 3.3] work here.
We begin with a complete spacelike surface Σ ⊂ L3(M, τ). From (2.3), we get the
following upper bound for the metric in L3(M, τ):
1
δ2
(
dx2 + dy2
)
− (dz − Cδ,τ(x, y) (ydx − xdy))2 ≤ 1
δ2
(
dx2 + dy2
)
.
Thus the projection π : (x, y, z) ∈ Ω × R → (x, y) ∈ Ω from the ambient space
L3(M, τ) to the baseM = (Ω, δ−2(dx2 + dy2)) is a distance non-decreasing map.
Since the induced metric in the spacelike surface Σ is complete, Lemma 4.10
applied to π|Σ : Σ → Ω ensures that π|Σ is a covering map and Σ is complete. As
the domainΩ is simply connected, the covering map π|Σ : Σ→ Ωmust be a global
diffeomorphism, so Σ is an entire graph. 
In 1976, Cheng and Yau [9] proved the remarkable result that any entire spacelike
graph with constant mean curvature in flat Lorentz–Minkowski space (in partic-
ular, in L3 = L3(0, 0)) is complete. We will now show that a similar conclusion is
true for maximal surfaces in the 3-dimensional Lorentzian hyperbolic space. The
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proof relies on combining the twin correspondence with the Daniel sister corre-
spondence [11], which gives an isometric correspondence between entire minimal
graphs in Heisenberg space and entire graphs with mean curvature 12 inH
2 ×R.
Theorem 4.12 (Complete maximal surfaces in anti–de Sitter spacetime). Given a
constant κ < 0, let Σ be a maximal surface in the anti–de Sitter spacetime L3(κ, 12
√−κ).
The following two statements are equivalent:
(a) The surface Σ is complete.
(b) The surface Σ is an entire graph over the whole hyperbolic planeH2(κ).
Proof. From Lemma 4.11, it is clear that (a)⇒ (b), so we will focus on (b)⇒ (a). By
homothetically rescaling the metric of L3(κ, 12
√−κ), without loss of generality, we
assume that κ = −1.
Let Σ be an entire maximal graph in L3(−1, 12 ), and consider its twin entire
graph Σ∗ with constant mean curvature 12 in H
2 × R = E3(−1, 0). Since Σ∗ is
simply connected, we can take its sister minimal surface Σˆ∗ in the Heisenberg
group Nil3 = E3(0, 12 ) via the Daniel correspondence [11]. From [12, Corollary
3.3] we deduce that Σˆ∗ is also an entire graph over E2, so we can employ the
twin correspondence again to associate an entire spacelike graph Σˆ in L3(0, 0) with
constant mean curvature 12 :
Σ ⊂ L3(−1, 12 )OO

oo //❴❴❴❴❴❴ Σˆ ⊂ L3(0, 0)
OO

Σ∗ ⊂ E3(−1, 0) oo // Σˆ∗ ⊂ E3(0, 12 )
Since Daniel’s isometric correspondence between Σ∗ and Σˆ∗ preserves the angle
function, and Theorem 3.5 implies that the metrics of the Lorentzian graphs are
conformal to the those of the corresponding Riemannian space with conformal
factor the square of the angle function, we deduce that Σ and Σˆ are isometric
surfaces. Since Σˆ is complete by Cheng and Yau’s result [9], so is Σ. 
Remark 4.13. The proof of Theorem 4.12 shows that the moduli space of the com-
plete maximal surfaces in the anti–de Sitter spacetime is large. According to
Ferna´ndez–Mira [16, Theorem 1 and Proposition 14] or Cartier–Hauswirth [8, The-
orem 3.9], there exist many entire graphs with constant mean curvature 12 in the
product space H2 × R = E3(−1, 0), which give rise to entire graphs with con-
stant mean curvature 12
√−κ in H2(κ) × R = E3(κ, 0) by rescaling the metric. By
the twin correspondence, these surfaces correspond to entire maximal graphs in
L3(κ, 12
√−κ), which are complete by the equivalence between (a) and (b) in Theo-
rem 4.12.
Remark 4.14. Bonsante and Schlenker [6] used the geometry of maximal surfaces in
the anti–de Sitter spacetime to give a variant of Schoen’s conjecture on the universal
Teichmu¨ller space. The proof of Theorem 4.12 gives geometrical equivalences
between the following entire graphs in different spaces:
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(a) entire maximal spacelike graphs (defined over the hyperbolic planeH2) in
the anti–de Sitter spacetime L3(−1, 12 ).
(b) entire mean curvature 12 graphs (defined over the hyperbolic planeH
2) in
the Riemannian product spaceH2 ×R.
(c) entiremean curvature 12 spacelike graphs (defined over the Euclideanplane
E2) in the Lorentz–Minkowski space L3.
(d) entireminimal graphs (defined over the Euclidean planeE2) in the Heisen-
berg space Nil3( 12 ) = E
3(0, 12 ).
In order to give a sharp non-existence result for complete spacelike surfaces in
Lorentzian Killing submersions, we introduce the Cheeger isoperimetric constant.
Definition 4.15. The Cheeger constant of a non-compact Riemannian surface M
without boundary is defined as
(4.1) Ch(M) = inf
{
Length(∂D)
Area(D)
: D ⊂M open and regular
}
≥ 0.
Here, an open subset D ⊂ M is regular if it is relatively compact and its boundary
is a smooth curve so the quotient in (4.1) makes sense.
Theorem 4.16. Let M be a non-compact simply connected surface.
(a) Given H ∈ C∞(M) such that infM |H| > 12Ch(M), the space E3(M, τ) admits no
entire graphs with mean curvature H for any τ ∈ C∞(M).
(b) Given τ ∈ C∞(M) such that infM |τ| > 12Ch(M), the spacetime L3(M, τ) admits
neither complete spacelike surfaces nor entire spacelike graphs.
Proof. We will use a classical argument [14, 19, 29, 31] originally due to Heinz to
obtain item (a). Aiming at a contradiction, suppose that such an entire graph
exists, and assume first that H > 0 (the case H < 0 will be treated later). Its mean
curvatureH admits the expression
(4.2) 2H = divM

G√
1 + ‖G‖2M
 ,
for some vector field G onM as in (3.1). Letting H0 = infM(H) and integrating (4.2)
over an open regular domain D ⊂M, we get
2H0 Area(D) ≤
∫
D
divM

G√
1 + ‖G‖2M
 =
∫
∂D
〈G, η〉√
1 + ‖G‖2M
≤ Length(∂D),
where η denotes the outer unit conormal vector field to D along its boundary and
we have used the divergence formula and Cauchy-Schwarz inequality. As this is
valid for all open regular domains, we deduce that
H0 = infM(H) = infM |H| < 12Ch(M),
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contradicting the hypothesis in the statement. If H < 0, then the argument above
can be adapted by replacing G by −G, to get that −2H0Area(D) ≤ Length(∂D), so
−H0 = infM |H| < 12Ch(M) and we also get a contradiction.
In order to prove item (b), we will reason by contradiction again: if there ex-
isted such a complete spacelike surface Σ, then Σ would be an entire graph by
Lemma 4.11 so its twin surface Σ˜ would be an entire graph in E3(M,H), where H
denotes the mean curvature of Σ. The mean curvature of Σ˜ would be τ, satisfying
infM |τ| > 12Ch(M) and contradicting item (a). 
Corollary 4.17. Let M be a complete non-compact simply connected surface and let
c = inf{K(p) : p ∈M} ≤ 0, where K denotes the Gaussian curvature of M.
(a) Given H ∈ C∞(M) such that infM |H| > 12
√−c, the space E3(M, τ) admits no
entire graphs with prescribed mean curvature H for any τ ∈ C∞(M).
(b) Given τ ∈ C∞(M) such that infM |τ| > 12
√−c, the spacetime L3(M, τ) admits
neither complete spacelike surfaces nor entire spacelike graphs.
Proof. The estimate in [14, Lemma 4.1] gives Ch(M) ≤ √−c. Then, the statements
(a) and (b) immediately follow from Theorem 4.16. 
Observe that Theorem 4.12 (for c < 0) and the classical classification result by
Calabi [7] (for c = 0) show that the lower bound 12
√−c in Corollary 4.17 is sharp.
To conclude, observe that Theorem 4.16 also gives information about causality in
L3(M, τ) spaces when we look at them as spacetimes. A spacetime L is said to be
distinguishing when any two different points p, q ∈ L have different future or past
cones. Equivalently, if for any p ∈ L and any neighborhood U of p, there exists a
neighborhood V ⊂ U of p, such that causal (i.e., non-spacelike) curves starting at p
and leaving V never enter V again.
Corollary 4.18. The spacetimeL3(M, τ) is not distinguishing when the bundle curvature
τ satisfies infM |τ| > 12Ch(M).
Proof. Distinguishing spacetimes with a complete timelike Killing vector field ad-
mit a Riemannian submersion structure whose fibers are the integral curves of the
Killing vector field, and they also admit complete spacelike surfaces [20]. Hence
the corollary follows from Theorem 4.16. 
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